The problem of natural convection fluid flow and heat transfer of TiO 2 -water nanofluid inside of two differentially-heated square ducts is analysed numerically by finite difference method. The outer duct is maintained at a constant temperature T c , while the inner duct is kept at higher constant temperature T h . The effect of the Rayleigh number, and the nanoparticle volume fraction, on the heat transfer and Nusselt number, are investigated and compared to previous study.
Introduction
Natural convection heat transfer and fluid flow of nanofluid in enclosed cavities has received considerable interest because of the advantages and due to its importance in engineering applications, including electronics cooling devices, heat exchanger, electric machinery and solar energy collector [1] . [2] is the first who added metallic nanoparticles for examples copper (Cu) and aluminium oxide (Al 2 O 3 ) to based fluid that is water and called the mixture as nanofluid. By definition, natural convection is the process of heat transfer through fluid whether it is air, water or any type of fluid [3] . The application of nanofluids on heat transfer has been investigated by many researchers and it was summarized by [4, 5] . They concluded that the enhancement of heat transfer increases with nanofluids. Natural convection in a vertical rectangular cavity filled with Cu-water nanofluid was investigated numerically by [6] . They indicated an increment in heat transfer by increasing at all Grashof numbers. Subsequent investigation was conducted by [7] , to enhance natural convection heat transfer in a rectangular enclosure. They conducted a numerical study using Khanafer's model and found out that cause an increases in the average heat transfer. [8] investigated numerically the effects of Prandtl number, in order to study the impact of thermal boundary condition in square cavity. They discovered that the nonuniform heating of the bottom wall led to a higher heat transfer rate than the uniform heating. [9, 10] investigated natural convection heat transfer in partially heated cavity containing different nanofluids. They showed that the flow and temperature fields are depending on the length and location of the heat source. [11] examined the natural convection heat transfer performance of nanofluids in an inclined cavity while [12] studied the heat transfer performance of various buoyancy-driven nanofluids in a differentially heated tilted cavity. [13, 14, 15] also found out heat transfer enhances with addition of nanoparticle in the base fluid. Earlier, [16] studied natural convection in a vertical square cavity with heat conducting body that is placed at the center in order to investigate the effect of heat conducting body on the heat transfer process in the cavity. They found that the heat transfer across the cavity enhanced by a body with thermal conductivity ratio less that unity. Then, [17] studied the natural convection around a tilted heated cylinder placed inside a cavity with cold side walls. Subsequently, [18] analyzed conjugate natural convection in an inclined square cavity with a conducting centered block. The annulus is filled with nanofluid. They concluded that nanofluid enhances the heat transfer performance and that the length of the centered block affects the heat transfer rate. [19] studied theoretically the convective heat transfer in a differentially heated square cavity filled with nanofluids with an inner rotating cylinder. They found that maximum heat transfers are obtained at a high nanoparticle concentration, a slow positive rotation and a moderate size cylinder located in the center of the cavity. Recently, [20] studied the problem of unsteady natural convection induced by a temperature difference between a cold outer square cavity and a hot inner circular cylinder. The cylinder temperature is assumed to vary sinusoidally with time. Meanwhile, [21] studied the natural convection in a differentially heated square cavity with an adiabatic square block at the center. However, [22] studied the natural convection in a square duct where the outer square is maintained at a constant temperature while the inner square is kept at a higher constant temperature. They solved the governing equation using the finite volume method. Motivated by the study of [22] , the present study follows closely the work by [22] . However, the governing equations are solved using finite difference method.
Mathematical modelling
The physical configuration is as shown in Fig. 1(a) . Each side of the inner square are denoted by , while the outer square are denoted by . Both squares are maintained at different constant temperatures of T h and T c , where T h > T c . The space between the two squares is filled with TiO 2 -water nanofluid. It is considered that the nanofluid is Newtonian, laminar and incompressible. The nanoparticles are presumed to be in thermal equilibrium with the base fluid and there is no slip between them. The thermophysical properties of the base fluid and nanoparticles can be found in [22] . The thermophysical properties of the nanofluid are assumed to be constant with the exception of the density which varies according to the Boussinesq approximation [23] . The non-dimensional governing equations are given as follows:
where all the physical quantities are defined in the nomenclature. Eqs. (1)- (4) 
Computational Methodology
The finite difference formulation together with Gauss Seidel iteration method are utilised to solve the problem. The convection-diffusion terms are discretized by backward and central difference of the present study is compared to [22] for three different and . It is found that the present results are in good agreement with [22] . Fig. 1(b) shows the average of the cold square generally increases with the increasing of . For = 10 3 , five different grids, namely 20×20, 40×40, 80×80, 100×100, 120×120 result the average given as 2.7500, 2.4500, 2.2625, 2.2000, 2.1250, respectively. Therefore we chose 80×80 as independent grid. The convergence criterion for , and are calculated using and are the number grid points in -and -directions respectively, is any of the computed field variables and is the iteration number.
Result and Discussions
The results discussed here for a range of = [10 3 , 10 5 ] and = 0, 0.02, 0.04. However, this paper is limited to discuss the isotherms only. Fig. 2 shows the isotherms in the annulus for different and . For = 10 3 and 10 4 , they are in some ways, evenly distributed within the entire annulus. This demonstrated a conduction-dominated heat transfer regime. For = 10 5 , still show a conduction-dominated heat transfer regime except that in its top part. The fluid in the bottom portion of the annulus is relatively stagnant and stays colder. The fluid near the inner square has a lower density than that near the outer square. Thus, the fluid near the surface of inner square moves upward while the relatively heavy fluid moves downward. Moreover, it is observed that the isotherms above the inner square become evenly distributed with the increasing nanoparticles.
Conclusions
The steady state two-dimensional natural convection of nanofluid within two square duct annuli is numerically studied in this paper. The inner duct is heated and kept at constant temperature while the outer square is cold and kept at constant temperature. The finite difference method is implemented to solve the governing equations. Isotherms as well as the are presented graphically for different value of parametric study. The result in general show that at low Rayleigh numbers, conduction dominates the heat transfer process and a relatively weak heat transfer is consequently obtained. At higher , however, the strength of buoyant flow circulation increases and an improvement in heat transfer is achieved. Overall, comparison of present study with the one from the open literature shows very good agreement. This shows that finite difference method could also be used to solve such problem. Nevertheless, utilising finite difference method together with Gauss Seidel iteration method has limited the calculation where when > 10 5 computation failed. 
